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Abstract
This paper presents a fracture criterion for predicting the strength of a CFRP unidirectional laminate with
a hole. We formulated the point stress criterion (PSC) for notched composites with the characteristic distance
at which the Tsai–Hill criterion for orthotropic materials was satisfied. The strengths of CFRP off-axis
unidirectional laminates with a hole predicted by the PSC agreed well with the measured strengths, and the
validity of the characteristic distance determined by the Tsai–Hill criterion was confirmed. Moreover, we
observed the fractured surfaces of the holed specimens with small off-axis angles and found that the fracture
mode within the characteristic distance (fiber breakage mode) was different from that away from the hole
(shear fracture mode). These observations of the fractured surfaces suggested that the characteristic distance
represented the size of the initially damaged area at the notch tip.
© Koninklijke Brill NV, Leiden, 2010
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1. Introduction

Carbon fiber reinforced plastics (CFRPs) have frequently been applied to various
structures and have replaced conventional metals as structural materials, taking
advantage of their light weight, high strength and modulus, and superior fatigue
properties. The internal microstructure of a material and the microscopic damage
extension cannot be neglected when the intrinsic strength of a composite material
is discussed. However, in a structural design, it is not always possible to perform
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a structural analysis with damage extension. A simple estimation of the strength by
a fracture criterion is often useful in a practical design flow rather than a detailed
fracture simulation.

A notch can exist in a structural component by necessity. Predictions and exper-
iments of notched composite laminates were reviewed in detail by Awerbuch and
Madhukar [1]. Among various fracture criteria, the average stress criterion (ASC)
and the point stress criterion (PSC) [2–4] have widely been used. In these criteria, it
is assumed that failure occurs when the average stress within a given distance from
the notch tip or the stress at a given distance (characteristic distance) exceeds the
strength of the unnotched laminate. Huh and Hwang [5] predicted the fatigue life
of circular notched quasi-isotropic CFRP laminates based on the PSC (ASC) with
a residual strength degradation model and assumption of the stress-redistribution.
Belmonte et al. [6, 7] investigated the notched strength of woven quasi-isotropic
laminates, and indicated that the characteristic distance of the ASC was similar to
the critical damage zone length given by a physically-based damage growth model.
On the other hand, the Tsai–Hill criterion [8] and the Tsai–Wu criterion [9] are well
known as fracture criteria for orthotropic materials; the off-axis strength of unidirec-
tional laminates has been predicted by these criteria. However, few fracture criteria
have been proposed that predict the off-axis strength of notched unidirectional lami-
nates, and the notched strength was underestimated by the Tsai–Hill criterion or the
Tsai–Wu criterion [10]. Tanaka et al. [10, 11] proposed an extended average stress
criterion that predicted the off-axis strength of a notched CFRP unidirectional lam-
inates.

Ogi et al. [12] investigated the relation between the PSC and the Tsai–Hill
criterion to predict the notched strength of a unidirectional discontinuous fiber re-
inforced plastics, and demonstrated that the PCS with the characteristic distance
determined by the Tsai–Hill criterion was valid for the strength estimation. They
also indicated that the PSC with well-defined characteristic distance was equivalent
to the criterion by the linear notch mechanics [13–15]. These discussions should
be confirmed for continuous fiber reinforced plastics, since CFRPs with continuous
fibers, which have been applied to primary components in aircraft and other struc-
tures, have large orthotropic properties compared to the short-fiber composites used
in the previous study [12]. In addition, the physical meaning of the characteristic
distance in the fracture criterion has not been clarified in the previous studies.

Therefore, the purpose of the present study is to investigate the relation between
the PSC and the Tsai–Hill criterion in off-axis CFRP laminates with a hole and then
to clarify the physical meaning of the characteristic distance. First, we formulated
the PSC that conformed to the Tsai–Hill criterion in Section 2. Next, the experi-
mental and analysis procedures were described in Sections 3 and 4. In Section 5,
we applied this fracture criterion to the tensile strength of the holed unidirectional
laminates with some off-axis angles, and verified the characteristic distance deter-
mined in this study. Finally, the observations of fractured surfaces were presented
to discuss the physical meaning of the characteristic distance.
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2. Fracture Criterion

2.1. Tsai–Hill Criterion

This section introduces the equations for predicting the tensile strength of a notched
unidirectional laminate derived from the Tsai–Hill criterion; the detailed derivation
processes are presented in the Appendix. In the present study, a unidirectional spec-
imen with a hole (radius ρ) is investigated, and the longitudinal direction is defined
as the x-direction. The material principal coordinate (1–2) is rotated by angle θ

from the global coordinate x–y as depicted in Fig. 1. The Tsai–Hill criterion for an
orthotropic plate under the plane stress condition is expressed by using the strengths
of the unidirectional lamina:(

σ1

σ1u

)2

+
(

σ2

σ2u

)2

− σ1σ2

(σ1u)2
+

(
σ6

σ6u

)2

= 1, (1)

where σ1u is the longitudinal strength, σ2u is the transverse strength, and σ6u is
the in-plane shear strength. Although this criterion cannot distinguish the tension
and the compression, we used the Tsai–Hill criterion for simplicity since only the
tensile stress is applied in this study. The other improved criterion, such as the
Tsai–Wu criterion, should be used if a complex loading case including compression
was considered. We can obtain the nominal stress when the Tsai–Hill criterion is
satisfied at point R (distance r from the notch tip) as follows:

σn,TH(r, ρ, θ) = 1√(
K1r
σ1u

)2 + (
K2r
σ2u

)2 − K1rK2r
(σ1u)

2 + (
K6r
σ6u

)2
. (2)

Here, Kir (i = 1,2,6) is the ratio of the stress component in the principal axes to
the nominal stress, or the stress concentration factor for each direction. In this case,
the stress σx at point R is represented as

σr,TH(r, ρ, θ) = m2K1r + n2K2r − 2mnK6r√(
K1r
σ1u

)2 + (
K2r
σ2u

)2 − K1rK2r
(σ1u)

2 + (
K6r
σ6u

)2
, (3)

where m = cos θ and n = sin θ .

Figure 1. Coordinate systems in an off-axis specimen.
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The off-axis strength of an unnotched specimen under the uniaxial tensile stress,
σu, is represented as the tensile stress σx that satisfies the Tsai–Hill criterion, and
we obtain:

σu(θ) = 1√
m2(m2−n2)

(σ1u)
2 + n4

(σ2u)
2 + m2n2

(σ6u)
2

. (4)

2.2. Point Stress Criterion (PSC)

The PSC with the characteristic distance r∗ has been verified for various FRPs with
continuous fibers [2–4]. This study combined the Tsai–Hill criterion with the PSC,
and the notched specimen is assumed to break when the stress field at point R∗
(distance r∗ from the notch tip) satisfies the Tsai–Hill criterion. The above fracture
criterion can be written as

σ ∗
r = Kr(r

∗, ρ, θ)σn,TH(r∗, ρ, θ) = σr,C(r∗, ρ, θ), (5)

Kr(r, ρ, θ) = m2K1r + n2K2r − 2mnK6r, (6)

where σ ∗
r is the stress component σx at point R∗; σr,C is the critical value of σ ∗

r and
is obtained by setting r = r∗ in equation (3).

In this study, we employed the strength σiu (i = 1,2,6) measured in experiments,
and the ratio of the stress component to the nominal stress Kir(r, ρ, θ) calculated
by the finite-element analysis. Furthermore, the characteristic distance r∗ was de-
termined by using the Tsai–Hill criterion as discussed in the following sections.

3. Experimental

The material used was carbon fiber reinforced epoxy composite (T700S/#2521R,
Toray Industries; fiber volume fraction of 60%) with a stacking sequence of [θ8],
where θ was the off-axis angle. A flat plate of a unidirectional laminate was man-
ufactured from prepreg sheets by hot-pressing process (120◦C, 2 h) in a vacuum
chamber. Some specimens with off-axis angles of θ = 0◦,15◦,30◦,45◦,60◦ and
90◦ were prepared for tensile tests. A specimen with an off-axis angle θ is termed
a θ -specimen in this study.

Figure 2 depicts the dimensions of a coupon specimen for the tensile tests.
Coupon specimens were cut out from the flat plate by a diamond saw and were
holed at the center by a drill. The edges of a specimen were polished by sand pa-
pers. The specimens were 200 mm long and 20 mm wide with a hole diameter D

(= 2, 4, 6 mm). GFRP tabs were glued to the end of the specimen; oblique tabs pro-
posed by Sun et al. [16, 17] were used in order to reduce the shear-coupling effects.
The oblique angle of the tab, φ, is determined by

cotφ = −S̄16/S̄11 = −ηxy, (7)

where S̄ij are the components of the compliance matrix in the material’s principal
coordinate, and ηxy is the coefficient of shear coupling. The material properties
listed in Table 1 were used to calculate the inclined angle of the tab.

D
ow

nl
oa

de
d 

by
 [

Si
au

liu
 U

ni
ve

rs
ity

 L
ib

ra
ry

] 
at

 0
6:

51
 1

7 
Fe

br
ua

ry
 2

01
3 



S. Yashiro et al. / Advanced Composite Materials 19 (2010) 243–259 247

Figure 2. Geometry of a CFRP off-axis specimen with a hole.

Table 1.
Material properties of CFRP laminate

Longitudinal Young’s modulus, E1 (GPa) 135.0
Transverse Young’s modulus, E2 (GPa) 8.2
In-plane shear modulus, G12 (GPa) 4.8
In-plane Poisson’s ratio, ν12 0.31
Out-of-plane Poisson’s ratio, ν23 0.49

Quasi-static tensile tests were conducted for the CFRP unidirectional speci-
mens at room temperature under the cross-head speed of 0.5 mm/min. The off-axis
strength of unnotched specimens, σu, and the notched strength of holed specimens,
σn,C, were experimentally measured for some off-axis angles. After the tensile tests,
the fractured surfaces were observed by scanning electron microscopy (SEM).

4. Analysis

The stress distribution near the hole was analyzed by the finite-element analysis.
Multipurpose finite-element analysis software (MSC.Marc 2001) was used in this
study. Figure 3 depicts the finite-element model for the hole radius D = 4 mm. The
entire specimen was modeled because of the non-symmetric stress distribution near
the hole of an off-axis specimen. The dimensions were 200 mm in the longitudinal
(x) direction and 20 mm in the transverse (y) direction. Four-node plane stress
elements were used in this analysis; the detailed mesh pattern was applied to the
region near the hole to precisely evaluate the stress concentration. The total numbers
of nodal points were 42 476, 39 916, 37 356, and the total numbers of elements were
42 192, 39 632, 37 072 for the hole radius of 2, 4, 6 mm, respectively. Uniform
tensile displacement was applied to the upper edge of the model, while the lower
edge was fixed. Material properties listed in Table 1 were used in this analysis;
linear elastic orthotropic behavior was assumed for all the elements.
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Figure 3. Finite-element model of the holed specimen.

The ratio of the stress in the principal coordinate to the nominal stress at the intact
condition, Kir (i = 1,2,6), was calculated along the y-direction in the minimum
cross-section, while the nominal stress was obtained from the sum of the nodal force
at the loading edge. The stress concentration factor in the x-direction, Kr, and the
nominal stress when the Tsai–Hill criterion was satisfied at point R (distance r from
the hole edge) were then calculated from the analyzed Kir. Stress concentration
factor at the hole edge, Kt, is needed to predict the strength by the PSC, and is
written as

Kt(ρ, θ) = Kr(0, ρ, θ) = m2K1t + n2K2t − 2mnK6t, (8)

where Kit (i = 1,2,6) is the stress concentration factor for each direction at the
hole edge, i.e., Kir(0, ρ, θ).
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The stress concentration factor at the hole edge is also obtained analytically for
an orthotropic infinite plate [18] as

K∞
t = 1 +

√√√√2

(√
Ex

Ey

− νxy

)
+ Ex

Gxy

. (9)

Here, Ex (Ey) is the Young’s modulus along the x (y) direction, νxy is the Poisson’s
ratio, and Gxy is the shear modulus.

5. Results and Discussion

5.1. Experimental Results

Figure 4 depicts the tensile strength for the unnotched specimens, σu, with some
off-axis angles. The average strengths were σ1u = 2736.7 MPa for the 0◦-specimen
and σ2u = 56.6 MPa for the 90◦-specimen. The shear strength was then estimated
as σ6u = 54.2 MPa by fitting equation (4) to the strengths for all the off-axis angles.
Figure 5 depicts the strength of the holed specimens, where the stress was evaluated
by the minimum cross-sectional area. Notched strength σn,C had little dependency
on the hole diameter D. The average strength ratio β = σn,C/σu is then plotted in
Fig. 6, where σu fitted by equation (4) is used. The strength ratio β decreased with
increasing off-axis angle unlike the discontinuous GFRP [12]. However, β also had
little dependency on the hole diameter D; this tendency was similar to the results
of discontinuous GFRP.

Figure 7 depicts the typical fracture patterns of unnotched specimens and holed
specimens (D = 4 mm). The 0◦-specimens broke with progressive fiber breakages
and splitting. The fracture behavior of the holed 0◦-specimens was similar to that
of the unnotched specimen, and fiber breakages and multiple splits were observed.
A crack was generated and simultaneously extended along the fiber direction in the
unnotched off-axis specimens and 90◦-specimens. This fracture behavior was also

Figure 4. Measured tensile strength of intact specimens as a function of the off-axis angle θ . The
experiment results were fitted by the Tsai–Hill criterion with σ6u = 54.2 MPa.
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Figure 5. Measured tensile strength of holed specimens as a function of the off-axis angle θ .

Figure 6. The ratio β of the strength for a holed off-axis specimen to the intact specimen. The mea-
sured strength ratio was compared with the prediction by the PSC.

observed in the holed off-axis specimens, and the crack was generated at the hole
edge. The same fracture patterns were observed in the specimens with the other
hole diameters.

5.2. Analysis Results

Figure 8 illustrates the distribution of the stress concentration factor in the x-
direction, Kr, in the minimum cross-section for the hole diameter D = 2 mm. The
larger stress concentration factor was calculated in the smaller off-axis angle. How-
ever, the effects of the off-axis angle on the stress concentration rapidly decreased
as the distance r increased, and little dependency on θ was observed at the point
r > 2ρ. Similar results were obtained in the other hole diameters.

The stress concentration factor at the hole edge, Kt, is illustrated in Fig. 9.
Equation (9) indicated that this factor (Kt = K∞

t ) was independent of the hole di-
ameter D. However, the larger Kt was calculated for the larger hole diameter D,
since the finite width was considered in the analysis. Although the definition of
the nominal stress in this study suggested Kt < K∞

t , the results were opposite at
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Figure 7. Typical fracture patterns of the off-axis specimens.

θ = 15◦ and 30◦ because of the shear-coupling and the nonlinearity for the shear
deformation in the constitutive equation that was neglected in the analysis.

Figure 10 depicts the nominal stress that the Tsai–Hill criterion is satisfied at
distance r from the hole edge for the hole diameter D = 2 mm, where the nominal
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(a) (b)

Figure 8. Distribution of the stress concentration factor for the model of D = 2 mm. (a) All off-axis
angles. (b) Magnified view for θ = 0◦, 45◦, 90◦.

Figure 9. Calculated stress concentration factor at the hole edge.

Figure 10. Distribution of the normalized strength that satisfied the Tsai–Hill criterion at the distance
r from the hole edge (D = 2 mm).
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Table 2.
Characteristic distance determined by the Tsai–Hill criterion

Off-axis angle D = 2 mm D = 4 mm D = 6 mm Average

0◦ 2.93 4.20 4.60 3.91
15◦ 0.53 0.50 0.77 0.60
30◦ 0.37 0.47 0.67 0.50
45◦ 0.37 0.47 0.53 0.46
60◦ 0.033 0 0 0.011
90◦ 0 0 0 0

Unit: mm.

stress is normalized by the tensile strength of the unnotched specimen. A different
tendency in the normalized strength was obtained near the hole for θ = 0◦ due to
the large orthotropic properties. Similar results on the normalized strength were
obtained in the other hole diameters.

5.3. PSC

We defined the distance r where the normalized strength was equal to the measured
strength ratio β depicted in Fig. 6, i.e., σn,TH = σn,C = βσu, as the characteristic
distance r∗; the obtained r∗ was listed in Table 2. The characteristic distance r∗
was small in the off-axis and 90◦-specimens. The effect of hole diameter on the
characteristic distance was relatively small in all the off-axis angle; the little depen-
dence of the characteristic distance on the notch size coincided with the previous
study [1].

The ratio of the notched strength to the unnotched strength, β = σn,C/σu, is pre-
dicted by the following equation [2, 3],

β = 2

2 + ξ2 + 3ξ4 − (Kt − 3)(5ξ6 − 7ξ8)
, (10)

where ξ = ρ/(ρ + r∗) for the holed specimens. Figure 6 compares the strength ra-
tio β predicted by equation (10) with the experimental results. Here, the averaged
characteristic distance r∗ and the theoretical stress concentration factor at the hole
edge K∞

t were applied to equation (10). The strength predicted by the PSC agreed
well with the measured strength. These results demonstrated the validity of the char-
acteristic distance r∗ determined by the Tsai–Hill criterion. The predicted strength
ratio for 15◦ and 30◦ specimens was slightly larger than the experimental results.
The prediction used the stress concentration factor of an infinite plate, which was
smaller than that of a specimen with finite width at the off-axis angle of 15◦ and 30◦
(Fig. 9) because of the shear-coupling. Equation (10) then yielded larger strength
ratio than the experimental results at these off-axis angles. This result suggested that
the use of equation (9) will need careful investigation on the stress concentration at
some off-axis angles with large shear-coupling.
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Figure 11. Fractured surfaces observed by SEM for 15◦ specimens. (a) D = 2 mm; (b) D = 6 mm.

Furthermore, the fractured surfaces of the holed unidirectional laminates were
observed by SEM to clarify the physical meaning of the characteristic distance.
Tanaka et al. [11] experimentally indicated that the fracture mode changed from
the tensile (fiber breakage) mode to the shear (matrix) mode at the off-axis angle
of θ = 15◦–20◦. Figure 11 then depicts the typical fractured surfaces observed in
the 15◦ specimens with D = 2 and 6 mm. The fracture line had the inclined angle
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Figure 11. (Continued.)

of 15◦ from the longitudinal direction; we defined the coordinate r as the position
projected onto the y-axis in the minimum cross-section. A few fiber breakages were
observed near r = r∗, and many bare fibers were visible within the characteristic
distance r∗ in the specimen with D = 2 mm (Fig. 11(a)). The fibers were covered by
the epoxy resin at the position away from the hole. Many fiber breakages appeared
within the characteristic distance in the specimen with D = 6 mm (Fig. 11(b)).
Similarly to Fig. 11(a), few fiber breakages could be observed and the fibers were
covered by the resin outside that region. These fractured surfaces observed away
from the hole were similar to the unnotched specimen with the same off-axis angle.
Thus, the fracture mode could change at the characteristic distance. We observed the
change in the fracture mode at the characteristic distance in the other off-axis angle
of 5◦ and 10◦ in the other set of experiments. If we considered r∗ as the damage
region at the hole edge, these observations suggested that the microscopic damage,
i.e., fiber breakage, was first generated within the area of r � r∗; brittle extension
of the matrix crack occurred almost concurrently with the initiation of the initial
damage. Figure 12 schematically illustrates the fractured modes for small and large
off-axis angles. Unlike the fractured surfaces for a small off-axis angle (Figs 11
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(a)

(b)

Figure 12. Schematics of fracture modes for (a) small and (b) large off-axis angles.

and 12(a)), significant change in the fractured surfaces with the position r could
not be observed in the specimens with a large off-axis angle (Fig. 12(b)). Few fiber
breakages appeared and the fibers were coated with the resin except the misaligned
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fibers, since the initial damage was the matrix cracking in the shear mode, not the
fiber breakage.

6. Conclusions

This paper describes a fracture criterion for holed CFRP unidirectional laminates
with large orthotropic properties. We introduced the Tsai–Hill criterion into the
process of determining the characteristic distance in the PSC. This fracture crite-
rion was a simple approach for estimating notched strength, since only the strengths
in the material’s principal coordinate were needed regardless of the magnitude of
the orthotropic properties and the damage mode. The notched strength that was
predicted by the PSC combined with the Tsai–Hill criterion presented in this study
agreed well with the measured strength. This result confirmed the characteristic dis-
tance where the nominal stress that yielded the stress field satisfying the Tsai–Hill
criterion was equal to the measured notched strength. Furthermore, the observation
of the fractured surfaces indicated that the characteristic distance could correspond
to the region where the initial damage, such as fiber breakage, was generated.
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Appendix

The plane stress condition is assumed for a unidirectional laminate, and the material
principal coordinate system (1–2) is rotated by the angle θ from the global coordi-
nate system (x–y) as depicted in Fig. 1. The stress components in the principal
coordinate system are calculated using those in the global coordinate by[

σ1
σ2
σ6

]
=

[
m2 n2 2mn

n2 m2 −2mn

−mn mn m2 − n2

][
σx

σy

σxy

]
, (11)

where m = cos θ and n = sin θ ; the subscripts 1, 2 and 6 represent the longitudinal,
transverse and in-plane shear components.

In notched specimens, the stress components at the distance r from the notch tip
are expressed by

σ1r = K1rσn, σ2r = K2rσn, σ6r = K6rσn, (12)

where σn is the average tensile stress in the minimum cross-sectional area, termed
nominal stress in this study. Kir (i = 1,2,6) is the ratio of the stress component
at a distance r to σn. The stress component σx at a distance r from the notch tip,
σx = σr, is represented in terms of σn by using equations (11) and (12):

σr = Kr(r, ρ, θ)σn. (13)

Here, Kr(r, ρ, θ) is the arranged factor and is represented by equation (6).
The Tsai–Hill criterion for an orthotropic plate under the plane stress condition

is represented by equation (1). Substituting equation (12) into equation (1) results
in the nominal stress that satisfies the Tsai–Hill criterion at a distance r, σn,TH, as
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indicated in equation (2). We can obtain the stress component σx when the Tsai–
Hill criterion is satisfied at a distance r, σx = σr,TH, as equation (3) by substituting
σn,TH into equation (13).

The ratio of the nominal stress that satisfies the Tsai–Hill criterion at a distance
r to the tensile strength of the unnotched specimen is derived from equations (2)
and (4), and is expressed by

σn,TH(r, ρ, θ)

σu(θ)
=

√
m2(m2 − n2) + n4/s2

2 + m2n2/s2
6

K1r(K1r − K2r) + K2
2r/s

2
2 + K2

6r/s
2
6

, (14)

where si = σiu/σ1u (i = 2,6). This expression is used in Fig. 9.
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